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Abstract 

A smooth curve 7 : [0, 1] §2 is locally convex if its geodesic curvature 
is positive at every point. J. A. Little showed that the space of all locally 
convex curves 7 with 7(0) = 7(1) = ei and 7'(0) = 7'(1) = 62 has three 
connected components £-i,ci /2-i,n- The space i2_i,c is known to 

be contractible. In this paper we prove that £+1 and >C-i,n are homotopy 
equivalent to JIS^ v v §6 v S^o v • • • and V S"^ V V S^^ ^ . . . , 
respectively. We also determine the homotopy type of a family of related 
spaces. 



1 Introduction 



A curve 7 : [0, 1] — )■ §^ is called locally convex if its geodesic curvature is always 
positive, or, equivalently, if det{'j(t),'y'(t),'j"(t)) > for all t. Let £/ be the space 
of all locally convex curves 7 with 7(0) = 7(1) = ei and 7'(0) = 7'(1) = 62; the 
precise topology for this space of curves will be discussed in the paper. J. A. Little 
[15] showed that £/ has three connected components C^i c, -C+i, '^-i,n', examples 
of curves in each connected component are shown in Figure [H 

The connected component £_i,c can be defined to be the set of simple curves 
in £7: the space £_i,c is known to be contractible (pj and [21], Lemma 5). The 
aim of this paper is to determine the homotopy type of the two remaining spaces 
and Our main result is the following. 

2000 Mathematics Subject Classification. Primary 57N65, 53C42; Secondary 34B05. Key- 
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Figure 1: Curves in £_i,c, J^+i and £_i,„. 

Theorem 1 The spaces £+i and C^i n ore homotopically equivalent to QS'^ V 
§2 V §6 V V • ■ ■ and fiS^ v §^ V §^ V ^ . . . ^ respectively. 

Here f2§'^ is the space of loops in S'^, i.e., the space of continuous maps a : 
[0, 1] — )• S'^ with a(0) = a(l) = 1, where 1 G S'^ is a base point. A more careful 
description of the connected components £+i and £_i,n is given below. 

A motivation for considering these spaces comes from differential equations. 
Consider the linear ODE of order 3: 

u"'{t) + hi(t)u'{t) + ho{t)u{t) = 0, te [0, 1]; 

the set of pairs of potentials {Hq, hi) for which the equation admits 3 linearly inde- 
pendent periodic solutions is homotopically equivalent to Cj. The corresponding 
problem in order 2 is much simpler ([5], |6], |21])- These spaces and variants have 
been discussed, among others, by B. Shapiro, M. Shapiro and B. Khesin ([23], 
[22]). These spaces are also the orbits of the second Gel'fand-Dikki brackets 
and therefore have a natural symplectic structure (0, [10] )■ Furthermore, these 
spaces are related to the orbit classification of the Zamolodchikov Algebra (|13j. 
[TT]): these interpretations shall not be used or discussed in this paper. Although 
the above authors ponder about the interest of understanding the topology of 
such spaces, their results deal mostly with ttq, i.e., with counting and identify- 
ing connected components. The author has also previously proved some weaker 
results about the topology of these spaces, such as the fundamental group and 
the first few homology groups ([E], [E]); these results are now of course easy 
consequences of Theorem [H 

Let X be the space of immersions 7 : [0, 1] — > §^ (of class C'^ for some k > 2) 
with 7'(t) 7^ 0, 7(0) = ei, 7'(0) = 62. Let £ C X be the subspace of locally convex 
curves; thus, for 7 G X we have 7 G £ if and only if det(7(t), 7'(t), 7"(t)) > for 
all t. For each 7 G X, consider its Frenet frame : [0, 1] — )■ 5*03 defined by 



(7(t) 7'(t) i"{t)) = umit), 
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R(t) being an upper triangular matrix with {R(t))ii > and {R{t))22 > (the 
left hand side is the 3x3 matrix with columns 7(t), 7'(^) and 7"(t)). In other 
words, the first column of d'yit) is 7(t), the second is the unit tangent vector 
^7(^) — l'i't)/\l'{'t)\ and the third column (which is now uniquely determined) is 
the unit normal vector n^{t) = 7(t) x t^{t). For Q G SO3, let Xg C I be the set 
of curves 7 G X for which 5^7(1) = Q; similarly, let Cq = CHZq. 

The universal (double) cover of SO^ is S'^ C H, the group of quaternions of 
absolute value 1; let 11 : — )• SO3 be the canonical projection. For 7 G X, the 
curve can be lifted to define ^7 : [0, 1] with ^^^(O) = 1, U o = 

The value of d-yi^) partitions Xq as a disjoint union X^ LJX_^: here n(±2;) = Q 
and 7 G Xj if and only if 5^^(1) = z; similarly, let Cz = '^u(z) nX^,. Notice that if 
7 is a simple curve in X/ then d^yi^) = ~1 and therefore 7 G X_i. We can now 
more precisely describe the three connected components of £/: the component 
£+1 is a special case of this definition and £_i has two connected components 
-C-i.c (convex or simple curves) and £_i,„ (non-simple). 

A locally convex curve 7 : [to,^i] is convex if 7 intersects any geodesic 

(great circle) at most twice. This definition requires a couple of clarifications. 
First, endpoints do not count as intersections so, for instance, a simple closed 
locally convex curve is convex. Second, intersections are counted with multiplicity 
so that a tangency counts as two intersections. It follows from the definition that 
convex curves are simple. In this paper we will see other equivalent definitions. 

A matrix Q G SO3 is convex if there exists a convex arc 7 G £ with ^'^(l) = Q. 
Similarly, a quaternion ^ G §^ is convex if there exists a convex arc 'j & C with 
^'7(1) = z. It is not hard to see that if —z is convex then z is not. 

We can now state a more general version of our main theorem. Here i G is 
a quaternion. 

Theorem 2 Let ^ G S'^. Then the space is homotopically equivalent to £_i 
if z is convex, £1 if —z is convex and Ci otherwise. Moreover, the following 
homotopy equivalences hold: 

£_! ^ V §° V §^ V §^ V ■ ■ ■ ; £+1 ^ V §2 V §^ V V ■ ■ ■ ; £; ^ QS^ 

Let Qz^^ be the set of continuous curves a : [0, 1] — S^, a(0) = 1, a(l) = z: 
this is easily seen to be homeomorphic to and the two spaces shall from now 
on be identified. We just constructed the map : Xz ^ ^z^^, 7 'S-y- It is a 
well-known fact (which follows from the Hirsch-Smale Theorem) that this map 
is a homotopy equivalence ( [TB] , [12] , [25] ) • It follows from Theorem [2] that the 
inclusions i : ^ Tz are homotopy equivalences only for certain quaternions z. 

We now proceed to give an overview of the paper and of the proof of the 
main theorems. Section |2] addresses the rather technical issue of what, precisely, 
is the best topology for the space Cz- As we shall see, we may allow for the 
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juxtaposition of curves (provided their Frenet frames agree); on the other hand, 
when desirable, we may assume curves to be smooth. The short Section |3] collects 
a few useful facts about the total (euclidean) curvature of spherical curves. 

It follows from Little's results that a circle drawn twice and a circle drawn 
four times are in the same connected component of Lj. In Section H] we give a 
careful description of a path joining these two curves. We also prove a few facts 
about this path which will be needed later. 

As we have just mentioned, the inclusion z : £^ — )■ need not be a homotopy 
equivalence. In Section |5] we see that half of the story, so to speak, still holds. 

Proposition 1.1 Let 2 G S^. For any compact space K and any function f : 
K ^ Xz there exists g : K ^ Cz and a homotopy H : [0,1] x K ^ Iz with 
H{0,p) = f{p) and H{l,p) = g{p) for all p G K. 

The maps i : Cz Tz therefore induce surjective maps Tiki^^z) — ^ T^k{'^z)- 

In a nutshell, if a curve has very large (positive) geodesic curvature it looks 
like a phone wire and we call it sufficiently loopy. Any compact family : 
K ^ Xz can be approximated in the C° topology by a family ai : K ^ Xz oi 
sufficiently loopy (and therefore locally convex) curves (in Figure |2l 70 = ao(p) 
and 7i = ai{p) for some p G K). Also, families of sufficiently loopy curves can 
be deformed without losing the property of being locally convex. 




Figure 2: Curves 70 G X±-i (thick) and 71 G C±\ (thin). 

The difficulty in proving (the false fact) that the inclusion Cz C is a 
homotopy equivalence is that there is no uniform procedure to add loops to 
locally convex curves within the set of locally convex curves. 

In Section [6] we apply the construction of Bruhat cells to our scenario. We 
also study projective transformations. 

In Section [7] we introduce a crucial construction in our discussion: a curve 
7 G Cq is multiconvex of multiplicity k if it is the juxtaposition of — 1 simple 
closed convex curves with a final A;-th convex curve in Cq (see Figure [3]). 
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\ / 



Figure 3: Two multiconvex curves of multiplicity 3 

We prove in Lemma [711 that, given Q, the closed subset Aik C Cq of mul- 
ticonvex curves of multiplicity k is either empty or a contractible submanifold 
of codimension 2k — 2 with trivial normal bundle. Assuming —z convex, we 
next construct in Lemma 17.31 maps /i2fc-2 '■ S^*'"^ — which intersect 
Aik transversally and exactly once and are homotopic to a constant as maps 
g2fc-2 _^ X(_i)fc2 (details of the construction of the path in Section H] are used 
here to verify that h2k-2 has the desired properties). Intersection with A4k shows 
that h2k-2 is not homotopic to a constant as a map S^*^"^ — > Cj and there- 
fore defines a non-trivial element of the homotopy group 7i2k-2{'(^{-i)kz) which 
is taken to zero by the inclusion in Xj-.i^fc^. Furthermore, intersection with Ai^ 
defines an element of the cohomology group not in the image of 

i* : H*{X(^_-i_Yz) ~^ H*{Ci^_i)k^) (compare with [18] and [IS]). This does not prove 
our main theorem yet but already shows that if either z or —z is convex then Cz 
is not homotopically equivalent to X^. 

In Section [8] we introduce grafting, a process under which loops can sometimes 
be added to curves. In Section [9] we define the next step function and learn to tell 
apart good and had steps; Bruhat cells are essential here. Let 3^^ = jC^ \ IJfc-^fc 
be the set of complicated (i.e., not multiconvex) curves. The new tools introduced 
in Sections E] and [9] are then used in Section [10] to understand the spaces 3^^. 

Proposition 1.2 The inclusion yz dXz is a weak homotopy equivalence. 

In order to determine the homotopy type of start with and, for each 
k, add the set M.k- It follows from what we have proved that adding M.k (if 
nonempty) is equivalent to attaching a sphere S^'^"^. These properties are then 
sufficient to complete, in Section [Til the proof of Theorems [1] and [2l 

The author would like to thank Dan Burghelea, Boris Khesin, Boris Shapiro 
and Pedro Ziihlke for helpful conversations and the referee of [18] and [19] for 
encouragement towards considering the problem discussed in this paper. The 
author thanks the kind hospitality of the Mathematics Department of The Ohio 
State University during the winter quarters of 2004 and 2009 and of the Math- 
ematics Department of the Stockholm University during his visits to Sweden in 
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2005 and 2007. The author also gratefully acknowledges the support of CNPq, 
Capes and Faperj (Brazil). 



2 Topology of Cq 

We now attack a rather technical problem: defining the best topological structure 
for the spaces Cq and Iq. 

It turns out that different topological structures obtain different spaces which 
are however homotopically equivalent. The metric for some A; > 2 is a rather 
natural choice but it has the inconvenience that when constructing a homotopy 
we prefer not to be distracted by the necessity to smoothen out certain points of 
our curves (we want to be allowed, for instance, to consider a curve 7 which is a 
juxtaposition of arcs of circle). 

Given a smooth immersion 7 : [0, 1] let 7'(t) = v^{t)t^{t) where v^{t) = 

|7'(t)| > and t^(t) is the unit tangent vector to 7. Let n^{t) = ■j{t) x t^{t) be 
the unit normal vector to 7, so that 

t'^it) = -v^ithit) + v^{t)n^it), n'^it) = -v^{t)t^{t) 

where v^{t) = K^{t)vj{t), n^{t) being the geodesic curvature of 7. The curve 7 
is locally convex if and only if v-y{t) > for all t. In matrix notation, 7(t), t^(t) 
and n^{t) are the columns of the orthogonal matrix ^^{t) which satisfies 

/ -v^{t) \ 
d'^{t) - ^^(t)A^(t); A^{t) = v^{t) -v^{t) . 

\ v^{t) / 

Let V C S03 be the plane (i.e., 2-dimcnsional real vector space) of matrices M 
with (M)3i = 0; can be considered a function from [0, 1] to V . Let Vx C V he 
the half-plane (M)2i > 0; A-,, can also be considered a function A^ : [0, 1] — )■ Vx- 
Conversely, given a smooth function A^ : [0, 1] ^ Vx or, equivalently, and v^, 
the above equations together with 5^^,(0) = / may be interpreted as an initial 
value problem defining d-yit) and therefore j{t) — d'yit)^!- 

Our aim is to consider a reasonably large space of functions which still allows 
the initial value problem above to be solved. The Hilbert space ^^^([0, 1]) is now 
a natural choice: for v,v E -^^^([0, 1]) the initial value problem can be solved. We 
therefore interpret Iq to be the closed subset of (-^^^([0, 1]))^ of pairs of functions 
(w, v) such that the solution F : [0, 1] SO^ of the initial value problem 



r'{t)^r{t)A{t), r(o) = /. 



(1) 
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satisfies r(l) = Q, where 




A{t) = v{t) -v{t) , v{t) = ^- 



(we have w(t) = v(t) — l/v(t), v{t) > 0). The fact that A(t) belongs to the Lie 
algebra SO3 guarantees that r(t) assumes values in the corresponding Lie group 
SO3. Also, the function F defined above is continuous, absolutely continuous 
and differentiable almost everywhere. In this way Xq C (L^([0, 1]))^ is a smooth 
Hilbert manifold of codimension 3. Indeed, consider the map ux '■ (L^([0, 1]))^ — )■ 
SO3 taking {w,v) to r(l), where F : [0, 1] — )■ SO3 is defined by the initial value 
problem ([1]) above. Smooth dependence on parameters tells us that this map is 
smooth; let us compute its derivative. 

In general, for a curve F : [0, 1] — )■ SO3, write F(to;ti) = (r(to))^^r(i(:i). Let 
L be a one-parameter family of functions L{s) : [0, 1] Vx, s G (— e, e) with 
L(0) = A. Let G{s) : [0, 1] ^ SO3 be the solution of 

{G{s)y{t) = {G{sm{L{sm, {G{s)m = i 

so that G{0) = F; notice that the derivative in this initial value problem is with 
respect to t. An easy computation gives that the derivative of G (with respect 
to s) satisfies 

{G'{sm{G{s){t))-' = [\G{s)){T){L'{s)){T){{G{s)){T))-'dT. 



Assume, for instance, that (L'(0))(t) consists of three smooth narrow bumps 
around times ti so that 

(F(l))-i(G'(0))(t) ^ J2(^{U, l)r\L'm{unU; 1). 

i 

An easy computation shows that the spaces (F(tj; l))~^VT(ti] 1) C S03 are not 
constant and therefore (F(l))-i(G"(0))(t) may assume any value in SO3. The 
derivative of ux is therefore surjective. The map ux is thus a submersion and Tq 
a regular level set. The geometric description of Xq comes from the identification 
{w,v) -ir^ 7, where 7(t) = F(t)ei. 

Similarly, let Vc C V C SO3 be the quarter-plane (M)3i = 0, (M)32 > 0, 
(M)2i > 0. If 7 is locally convex then the image of A^ is contained in Vc and, 
conversely, given a smooth function A : [0, 1] — Vc, equation ([1]) obtains a locally 
convex curve. Define Cq C (L^([0,1]))^ to be the set of pairs {w,w) such that 
{w,v) G Iq where 
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As above, define u : {L'^{[0, 1]))^ — SO3 taking {w,w) to r(l), where T is again 
defined by equation ([1]). The computation above also shows that the smooth map 
a; is a submersion and Cq is a smooth Hilbert submanifold of codimension 3 in 
(L^([0, 1]))^. We have a natural injective map Cq — >■ Zq taking {w,w) to {w,v). 
In the spirit of considering Cq and Iq to be sets of curves we call this map an 
inclusion (even though it is not an isometry with the above metric). 

The space Cq we just defined is rather large. The space Cq ' of locally convex 

curves of class C'^ {k > 2) is now naturally identified to a dense subset Cq ' C Cq 
with a different topology. But are these two spaces similar? Or, more precisely, 
is the inclusion a weak homotopy equivalence? The answer here is yes. 

In order to see this, first consider ^if*". A; > 0, the subset of (C'=([0, l]))^ of 
pairs {w,w) such that r(l) = Q (where T is defined by the initial value problem 
dl])). The inclusion Cq C Cq is a homotopy equivalence: this follows directly 
from Theorem 2 from [1]. For the convenience of the reader, we quote here a 
simplified version of that result. 

Proposition 2.1 Let X and Y he separable Banach spaces. Suppose i -.Y ^ X 
is a bounded, injective linear map with dense image and M G X a smooth, 
closed submanifold of finite codimension. Then N = i~^{M) is a smooth closed 
submanifold of Y and the restriction i : N ^ M is a homotopy equivalence. 

For k > 1 the curves 7 are now of class and we may assume them to 
be parametrized by a constant multiple of arc length (this does not change the 
homotopy type of the space since the group of orientation-preserving diffeomor- 
phisms of [0, 1] is contractible). In terms of the pairs (ly, w), this says that we 
may assume w to be constant. But for w constant, w is of class C'^ if and only if 
7 is of class C^^"^, completing the argument. 

As a consequence, we may assume our curves 7 to be as smooth as our con- 
structions require but when constructing a homotopy we may use curves for which 
the curvature is only piecewise continuous without further ado. 

3 Total curvature 

Given a locally convex curve 7 : [a,b] — )■ S^, let : [a,b] — )■ M be the geodesic 
curvature of 7. This must not be confused with the euclidean curvature 



of 7 interpreted as a curve in M.^: K^{t) = ^1 + n^it). The total (euclidean) 
curvature of 7 : [a, h] — ;> is 





The homotopy type of C±i — July 19, 2012 



9 



Lemma 3.1 Let 7 : [a,b] — > 6e a locally convex curve. 

(a) The total curvature of 'y equals twice the length of^^: 

tot (7) =2 / \d'^it)\dt. 

J[a,b] 

(h) If •y E Ci is a closed convex curve then tot(7) G [271, An), 
(c) If -y E C is a convex arc then tot (7) G (0,47r]. 

Proof: Item (a) is a straightforward computation. The first inequahty in item 

(b) is the well known general fact that the total curvature of a closed curve is 
at least 2n. Alternatively, given (a), T = '^^ : [0, 1] — t- S'^ satisfies r(0) = 1, 
r(l) = —1 so of course the length of F must be at least tt. For the second 
inequality in (b), first notice that K,^{t) < 1 + Kj{t) so we must prove that 

Ji + /2<47r, /i=/ Wit)\dt, l2= K^it) \i{t)\dt. 

-'[0,1] -'[0,1] 

By Gauss-Bonnet, the I2 = 2n — A-^ < 27r, where A^ is the area of the smaller 
disk in §^ bounded by 7. Let : [0, 1] — )■ §^ be the unit normal vector: n^(t) = 
(if:) 63. A straightforward computation shows that 

|n;(t)| = s(t)|7'WI, /tn,(t) = l/sW- 
Thus, again by Gauss-Bonnet, 

h = I Kn,it) \n'^{t)\dt = 271- An, < 271 

J [0,1] 

where A^, is (of course) the area of the smaller disk in bounded by n^. This 
completes the proof of (b). 

For item (c), consider a convex arc 7 : [0, 1] — )■ S^. For arbitrarily small 
e > 0, 7|[o,i-e] can be extended to a closed convex curve 7. Thus, from (b), 
tot(7|[o,i-e]) < tot(7) < 47r. Since this estimate holds for all e, tot(7) < 471. ■ 

4 Connected components of Cj 

Recall that Little showed that Cj has three connected components i2_i,c, j^i and 
^-i,n (see Figured]). In this section we review some of the relevant constructions 
in his proof: we do this also in order to introduce objects which will come up 
again in later sections. 
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Let be the circle with diameter eiCa, parametrized by ui G Cj, 
z/i(t) = ^ (l + cos(27rt), V2 sin(27rt), 1 - cos(27rt)j 

for which 

duiit) = exp (^ntkj , A,,,(t) = 7rk, k=^—j=-, 

where A^(t) = {d'y(t))~^d'^(t)- For positive real number s, let I'sit) = ^i{st) so 
that Us G ^exp{iTsi.)- particular, for integer k > 0, Uk E C(_-i_)k. We also have 
z/i G £_i,c and ^ -^-i,?! for k odd, /c > 1. Notice that tot(z/s) = 27rs. 

It follows from Little's theorem that V2 and are in the same connected 
component £+i of £/. Indeed, a path from z/2 to 1/4 is shown in Figure IH The 
passage from the fourth to the fifth figure is the only one where it is important to 
recall that we are in a sphere, not in the plane: one way to think of this is that 
the triangle became large and the bulk of the sphere passed through the triangle. 
Notice that the geodesic curvature remains positive throughout the process. 




Figure 4: A path from V2 to z/4. 

We now present an explicit construction of a family of such curves. Consider 
the equator of the unit sphere contained in the plane z = 0. Fix a unit normal 
vector = (0, 0, 1) to the plane and call it up. Consider six equally spaced 
points P^ = P^ = (l/2,-v^/2,0), Qo = Q3 = (1,0,0), Pi = (1/2,^3/2,0), 
Qi = —Pq, P2 = —Qo and Q2 = —Pi along the equator. Notice that Qi/2 is 
the midpoint of the segment PiPi+i. For a G M, let Q^{a) be the only point 
on the unit sphere such that the vector Q^{a) — {Qi/2) is a positive multiple of 
(cosQ;)Qi + (sina)A^; let Q~(a) = Qf{—a). Thus, the function Qf parametrizes 
the circle passing through ±Qj and ±A^. Let C^{ce) be the circle containing Pj, 
Qf{a) and Pj+i and let Af{a) C Cf{a) be the arc from Pj through Qf{a) to 
Pj+i- 

Orient the circles Cf{a) and the arcs Af{a) from Pj through Qf{a) to Pi+i; 
thus, for a G (0, tt), C^{a) (resp. C~{a)) has negative (resp. positive) geodesic 
curvature. Parametrize the arcs (a), A^{a), y4^(Q;), (a), A^{a), ^2 ('^) 

(a) by a multiple of arc length using the domains [—1/12, 1/12], [1/12,3/12], 
[3/12,5/12], [5/12,7/12], [7/12,9/12], [9/12,11/12] and [11/12,13/12], respec- 
tively. Concatenate the above parametrizations to define a parametrization (3^ '■ 
[0, 1] — )■ by a multiple of arc length of a curve Ca C In particular. 
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/3a(0) = Qo /3a(l/12) = Pi, /3a(2/12) = and so on. Notice that the 

curve (3c, is of class C^, even at the points t = j/12. The curve Pa is an immersion 
and is not locally convex. Define Ba = di3a '■ [0; 1] ~^ as usual; lift this to 
define -Bq : [0, 1] — )■ with -Bo(O) = 1 and Bait) a continuous function of a and 
t. 

Define Ta(t) = Bait) exp(7rj/8), Fq, = 11 o Fq, and (of course) •jait) = Ta{t)ei. 
Geometrically, 7q, is the concatenation of six circle arcs Af, obtained from Af by 
increasing or decreasing the radius by 7r/4. A simple computation shows that the 
geodesic curvature of 7^ is always positive (the minimum and maximum values for 
the curvature are 2 — \/3 and 2 + \/3, both obtained for a = vr/2). Furthermore, 
tot (7a) is a strictly increasing function of a G [0, vr] with tot (70) = 47r, tot (7^) = 
Stt. 

The following result is due to Little ([IS]); we state and prove it here in order 
to get used to the above construction which shall be needed later. 

Lemma 4.1 Let n be a positive integer, n > 1. The curves Vn and i'n+2 cire in 
the same connected component of Cj. 

Proof: Define / : [0, 1] ^ Cj by f{s){t) = {TUO))-'^Ut)- We have /(O) = 
and /(I) = i>4, completing the proof for the case n = 2. For larger n just 
consider concatenation of ^'„_2 with z/2, keep z/„_2 fixed and apply the 

above construction to move from z/2 to z/4, thus obtaining a path in £/ from i/„ 

to Z/„+2- ■ 

We prove an auxiliary result concerning the curves (3a and 7^ for later use. 
A common oriented tangent to two oriented circles is an oriented geodesic which 
is tangent to both circles, with compatible orientation at tangency points. Thus, 
for instance, Cf{a) and C(^_^{a) are tangent at Pj+i; they also have a common 
oriented tangent, a geodesic passing through Pi+i. Let Ck (resp. Cj^) be the great 
circle and subgroup of §^ of points of the form exp(sk) (resp. exp(sk)), s G M. 
Recall that we write Ba{tQ]ti) = {Ba{to))~^Ba{ti). 

Lemma 4.2 Let a E (0, vr) . 

(a) The common oriented tangents between two distinct circles among Cf{a), 
i = 0,1,2, are only the geodesies passing through the tangency point Pj+i 
between Cf (a) andC^^{a). 

(b) Forto,ti e [0,1), if Ba{to]ti) e then to = ti. 



(c) Forto,ti G [0, 1), ifTa{to;ti) G Cj^ then to = ti. 
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Proof: Recall that our circles (a) are not geodesies. Each circle therefore 
defines a disk (the smaller connected component of the complement). 

For item (a), we have three essentially different pairs of circles to consider: 
(C(f(a),Co"(a)), (C(J"(a),Ci+(a)) and (C(J"(a), Cf (a)). In the first case, the two 
circles have opposite orientations and therefore the circles and corresponding 
disks would have to lie on opposite sides of a common oriented tangent. Since 
the open disks intersect, no common oriented tangent exists. In the second case 
orientations agree and therefore both disks would lie on the same side of a common 
oriented tangent. But the union of the two closed disks contains the arc from 
Po through Pi to P2 and therefore is not contained in a hemisphere. Thus also 
in this case no common oriented tangent exists. Finally, in the third case again 
the two circles have opposite orientations and therefore the disks must lie on 
opposite sides of a common oriented tangent. But the closed disks touch at Pi. 
the common oriented tangent must therefore pass through this point, completing 
the proof of the first claim. 

For item (b), assume by contradiction that Ba{tQ;ti) = exp(sk), to 7^ ti. 
Consider the curve T : [0, 1] — given by T(t) = Baito) exp(27rtk). Notice that 
f (0) = 5^(to) and f (s/(27r)) = B^{ti). Also f{t) = d-yit) for 7 the geodesic 
■y(t) = -BQ,(to)(cos(47rt), sin(47rt), 0). Thus 7 is an oriented tangent to the curve 
Ca at two distinct points. These two points must belong to different circles Cf 
for a circle can not be twice tangent to the same geodesic. But this contradicts 
item (a). 

Finally, for item (c), notice that 



5 Adding loops 

In this section we present a few facts related to adding loops to a curve (or 
family of curves), including the proof of Proposition II. 1[ This is of course similar 
to the proof of the Hirsch-Smale theorem ([I2], [25j). The reader familiar with 
Gromov's ideas will also recognize this as an easy instance of the h-principle ([7], 
[TT]): others will be reminded of Thurston's method for performing the sphere 
eversion by corrugations ([14J). 



Taito;ti) = exp(-7rj/8)SQ(to;ti)exp(7rj/8) 



and therefore Ta(to; ti) = exp(sk) implies 



Ba{to; ti) = exp(7rj/8) exp(sk) exp(-7rj/8) 




Thus item (b) implies item (c). 
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We need a precise version for the notion of adding n loops at a point to of a 
curve 7. For 'j E X, to E (0, 1) and n a positive integer let ^I*"*"! e X be defined 
by 

7(2t-to + 2e), 

it) = { mo)yn (^) 
7(2t-to + 2e), 

7W, 



7 



< t < to - 2e; 

to - 2e < t < to - e; 
to - e<t <tQ + e] 
to + e <t <to + 2e; 
to + 2e < t < 1; 



here e > is taken sufficiently small. In words, we follow 7 normally al- 
most until to: we then run a little in order to have room to insert z/^ (ap- 
propriately moved to the correct position), run a little again and then con- 
tinue as 7. Since reparametrizations of curves are not particularly interesting 
(the group of orientation-preserving diffeomorphisms of [0, 1] is contractible) the 
precise value of e is not particularly interesting either. Notice that if 7 G 
then 7[*o#"] e X(_i)n2. Also, if 7 is locally convex then so is 7[*o#"'l, with 
tot(7[*«#"]) = 27rn-htot(7). We use the notation ^[*o#no;ti#ni] (^^[to#no]yti#ni] ^ 
(^^[ti#ni]yto#no] ^ Also, given to : K ^ (0, 1) and f : K ^ Xq continuous functions, 
let : K ^Xghe defined by /[*o#"l(p) = (/(p)) [to 

Notice that in Xq it is easy to introduce a pair of loops at any point of the 
curve. 

Lemma 5.1 Let K be a compact set, Q E SO3 and n a positive even integer. 
Let to : K (0, 1) and f : K Xq he continuous functions. Then f and 
are homotopic. 




Figure 5: How to add two small loops to a curve in Xq. 



Proof: The process is illustrated in Figure |5l in the final step one of the loops 
becomes big, goes around the sphere and shrinks again. We do not think that an 
explicit formula is helpful. ■ 

Somewhat similarly, for locally convex curves we have the following. 

Lemma 5.2 Let K be a compact set, Q E SO3 and n > 1 an integer. Let to : 
K — )■ (0, 1) and f : K ^ Cq be continuous functions. Then and /[*o#("+2)] 

are homotopic, i.e., there exists H : [0, 1] x — )• Cq with H(0,p) = (p), 
H(l,p) = /[*o#("+2)](p). We may furthermore assume that 27m + tot(f (p)) < 
tot{H{s,p)) < 2TT{n + 2) + tot(/(p)). 
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Proof: We use the path from i/„ to i'n+2 in j^i constructed in Lemma 14.11 to 
modify the curve f{p) in the interval [to{p) — e,to{p) + e] only. ■ 

The above statement actually holds for n = 1 (by borrowing a little elbow 
room from the surrounding curve) but we do not need this observation. On the 
other hand, the statement critically fails for n = 0. Indeed, we know (from 
Fenchel, Little and others; [Sj, that ui and 1/3 are not in the same connected 
component of £/. 

We now need a construction corresponding to spreading loops along the curve, 
as in Figure 121 For 7 G X and n > 0, define {Fn{'y)){t) = d'y{t)i^n{t)- Notice that 
if 7 G X2 then F„(7) G X(_i)n^. 

Lemma 5.3 Let K he a compact set and let f : K —> 1^ be a continuous function. 
Then, for sufficiently large n, the image of ° f is contained in Lz- 

Proof: Let C > 1 be a constant such that \{^^)'{t)\ < C and |(i?^)"(t)| < C 
for any 'J = f{p), p & K and for any t G [0, 1] (we use here the invariant metric 
on inherited from R^). Let e > be such that if |fi — i'[{t)\ < e and 
1^2 - <(t)| < e then det{iyi{t),vi,V2) > 0. Take n > 20C/e. 

For 7 = /(p), write 

7{t) = {F2nl){t) = ^^{t)V2n{t) = (t) Z/i (2nt) 

SO that 



7'(t) = d'^{t)vi{2nt) + 2n:S^{t)v[{2nt) 

7"(t) = r (t)z/i(2nt) + An:S'{t)v[{2nt) + An''^^{ty;{2nt) 



and therefore, after a few manipulations. 



2n 

or, equivalent ly. 



dyit)iy[{2nt) 



< e, 



^^{t)v'l{2nt) 



< t 



2n 



- u[{2nt) 



< e, 



An? 



- u'l{2nt) 



< e. 



It follows that 



det vi{2nt), 



> 



2n ' 4n2 
and therefore that det(7(t), 7'(t), 7"(t)) > 0, which is what we needed. 
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Lemma 5.4 Let K be a compact set, f : K and to '■ K ^ (0, 1) continuous 

maps. Then F2n° f is homotopic to y[*o#{2n)]^ ^ there exists H : [0, 1] x — )• 
such that H(0, ■) = ° f and H(l, ■) = f\-'^o#{2n)] ^ Purthermore, if the image of 
f is contained in Cz then, for sufficiently large n, the image of H is contained in 
A. 



Proof: Recall that reparametrizations are not important: we may therefore 
assume that to is constant equal to 1/2. Intuitively, the homotopy is constructed 
by pushing the loops towards to = 1/2. More precisely, if 7 = /(p), p G -ft', let 



H,{s,p){t) 



>7 (23i) ^2n(t), 
^^{\)l^2n{t), 



and 



H2{s,k){t) 



7(2t), 

g'^(2t)z/2n ( 



it- 



4-2s 



^,{2t - l)u2n (S 

[7(2t-l), 



o<t< f, 
1 < t < ^ 

4 — — 4' 

3 < t < 4^ 

4 - - 4 ' 



[0,1], 



sG [0,1]; 



) 



apply these two homotopies one after the other. Straightforward computations 
show that these curves are indeed immersions, completing the proof of the first 
claim. For the second claim, we need to verify that the above curves are locally 
convex provided 7 is locally convex and n is sufficiently large: this is done as in 
the proof of Lemma 15.31 above. ■ 

Lemma 5.5 Let K he a compact set, f : K ^ X^. Then, for sufficiently large 
n, the image of ° f is contained in Lz and there exists i7 : [0, 1] x iiT — )■ 
such that H{0, ■) = f and H{1, ■) = F2n o /■ 



Notice that the ffist claim (that the image is contained in Cz) is Lemma [5.31 
Notice also that Proposition 11.11 follows directly from this lemma. 

Proof: We know from Lemma [5.11 that / is homotopic to /[(i/2)#(2n)] ^^d from 
Lemma [El that /[(i/2)#(2n)] homotopic to of. ■ 

As we shall see later, a function f : K ^ Cz C Xz may be homotopic to a 
constant in but not in Cz. The following proposition shows that this changes 
if we add loops. 

Proposition 5.6 Let n he an even positive integer. Let K he a compact set and 
let f : K ^ Cz d Xz a continuous function. Then f is homotopic to a constant 
in Xz if and only if f\-'^o#"-^ j^g homotopic to a constant in Cz. 
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Proof: In X^, / and /[*o#"l are homotopic, proving one implication. For the 
other imphcation, let H : K x [0, 1] — )■ be a homotopy with H{-, 0) = /, H{-, 1) 
constant. By Lemma 15.31 for sufficiently large even n, the image oi Fn o H is 
contained in Cz- This implies that F„ o / is homotopic in Cz to a constant. From 
Lemma [5.51 is homotopic to F„ o / in £/ and therefore the proposition is 

proved for large n. The general case now follows from Lemma [5.21 ■ 

A map f : K Cq is loose if / is homotopic to /[*o#2] g^j^^ tight otherwise. 
Lemma [52] shows that /[*o#2l is loose. If i^' = {pq} consists of a single point then 
a function f : K Cq is essentially a curve 70 = f{po)i f is then tight if and 
only if 7o is convex (for Q = I this follows from the results of Little; otherwise 
from Anisov, Shapiro and Shapiro; [15], [1], [23], [21]). 

From now on we consider that a main question is, given f : K ^ £q, to 
decide whether / is loose or tight. We shall see a few key examples of tight maps 
and we shall prove that large classes of maps are loose. It is sometimes important 
to have estimates of the total curvature during the homotopy. 

Lemma 5.7 Let /o, fi:K^ Cq he homotopic with fo loose. Then fi is loose. 

Proof: Let to : K ^ (0, 1) be a continuous function and let H : [0,1] x K ^ 
Cq be a homotopy from /q to fi. Let i/t^o^^l be defined by H^'^°*'^^{s,p) = 
(if(s,p))[*''*^]; clearly, this is a homotopy from /q*"*^' to f^°*'^\ Thus, if /o is 
homotopic to /o*°*^' then /i is homotopic to /j*"*^', as desired. ■ 

We finish this section with a more complicated lemma which allows us to see 
that many maps f : K ^ Cq are loose. 

Lemma 5.8 Let Q G SO^. Let K be a compact manifold and f : K ^ Cq a 
continuous map. Assume that ^ (0, 1) and that ti,t2, . . . ,tj : K (0, 1) are 
continuous functions with to < ti < t2 < ■ ■ ■ < tj. Assume that K = Ui<j<j 
where Uj C K are open sets. Assume that there exist continuous functions gj : 
Uj — Cq such that f{p) = for all p G Uj. Then f is loose, i.e., 

there exists H : [0,1] x K ^ Cq with H{0,p) = f {p), H{l,p) = . vFe 

may furthermore assume that tot(/(p)) < tot{H{s,p)) < Arc + tot(/(p)). 

Proof: Our proof proceeds by induction on J. For J = 1 we have Ui = K 
and therefore f = gi , which is known from Lemma 15.21 to be loose. The 
estimate on the total curvature is also given in the lemma; notice that sliding a 
loop between to and ti does not affect total curvature. 

Assume now that J > 1. Let W C f/j be an open set whose closure is 
contained in Uj and such that K = W U IJi<j<j-i ^j- We now slide the loop in 
tj to position tj_i in W, allowing for the loop to stop elsewhere for p G f/j \ W. 



The homotopy type of C±i — July 19, 2012 



17 



More precisely, let m : -t- [0, 1] be a continuous function with u{p) = 1 for 
p eW and u{p) = for p ^ Uj. Define Hj : [0,1] x K Cq by 



Hjis,p) 



f{p), p i Uj, 

g^p-^m-u(p)s)tj{p)+u{p)stj.i{p))#2]^ p ^ JJ^_ 



Notice that tot{Hj{s,p)) = tot(/(p)). Let f{p) = Hj{l,p), Uj = Uj for j < J- 1 
and f/j-i = f/j-i U W; the hypotheses of the Lemma apply to / with a smaller 
value of J and therefore / is loose. By Lemma IHTTl so is /. The estimate on total 
curvature also follows. ■ 



6 Projective transformations and Bruhat cells 

In this section we present some more algebraic notation, especially the decompo- 
sition of 5*03 and in (signed) Bruhat cells. Some of this material is presented 
in [20] in a more algebraic fashion and for arbitrary dimension. 

The projective transformation tt^A) : — t- §^ associated to A G SL^ is 
defined by 7r{A){v) = Av = {l/\Av\)Av. Similarly, define 7r{A) : SO3 SO^ 
by h{A){Qq) = Qi if there exists Ui G Up^ with AQq = QiUi, here Up^ is 
the contractible group of upper triangular matrices with positive diagonal and 
determinant +1. In other words, 'k{A){Qq) is obtained from AQq by performing 
Gram-Schmidt on columns. In particular, if A G SO^ then 7r(74)(Qo) = AQq. 
This action of SL3 on SO3 is transitive but not doubly transitive; we shall soon 
discuss the extent to which it fails to be doubly transitive. 

Notice that 7r(A) : ^ 

is an orientation preserving diffeomorphism. For 
an immersion 7 : [0,1] -> §^ define 7r(y4)7 by (7r(A)7)(t) = 7r(A)(7(t)); the 
curve 7T{A)'~f is again an immersion. Since vr(A) takes geodesies to geodesies, 
if 7 : [0, 1] — )■ is locally convex then so is 7r(A)7; (this can also be checked 
directly from the definition by a straightforward computation). The map tt{A) is 
defined so that 5^,r(yi)7 = ''^{^){d-y) for any immersion 7 : [0, 1] — > Notice that 
7r(A)J = J if and only if A G Up^. Thus, for U G Up^ , it{U) defines a smooth 
map from Cq to C^{u)q- 

Let Bs C O3 be the Coxeter-Weyl group of signed permutation matrices: the 
group B3 has 48 elements and corresponds to the isometrics of the octahedron 
of vertices ±ei,±e2,±e3. Let B^ = B^, H SO3 be the subgroup of orientation 
preserving isometrics. Dropping signs defines a homomorphism from B^ to the 
symmetric group 6*3: the number of inversions of Q E B^ is the number of 
inversions of the corresponding permutation in 5*3. We denote an element of Bf 
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by the letter P (for permutation), indicating in the subscript the corresponding 
permutation (as a cycle) and the signs, read by column, in binary: 

= + + +, 1 = + + -, 2 = + -+, 3 = + --, 7= ; 

thus, for instance 





■(13);1 = I U -hi U I , P(13);2 



The lift C of is the group of 48 quaternions with either one coordinate 
of absolute value 1 and three equal to or two coordinates of absolute value 1 / \/2 
and two equal to or four coordinates of absolute value 1/2. For instance. 

The Bruhat cell Bru((5) C SO3 of Q E SO^ is the set of all orthogonal 
matrices of the form UqQU^^, with Uq,Ui G Up^. Each Bruhat cell contains a 
unique element of B^. We also denote Bruhat by Bru*, with subscripts defined 
as for P=K G B^; thus, for instance, Bru(P(i3);i) = Bru(i3);i. The cell Bru(P) 
(P G B^) is diffeomorphic to W^, where d is the number of inversions of P. 
There are therefore exactly four open cells, corresponding to the two matrices 
above plus 

If Qq and Qi belong to the same Bruhat cell then there exists a canonical and 
explicit diffeomorphism between the Hilbert manifolds Cq^ and Cq^. Indeed, 
for Qo and Qi G Bru(Qo) let Uo,Ui G Up^ be such that UqQq = QiUi, Uq is 
uniquely defined if we require Uq G Upl, where Upl C Up^ is the subgroup of 
matrices with diagonal entries equal to +1. Then the map 7r(f/o) : Cq^ — )■ Cq-^ is 
a diffeomorphism; its inverse is the similarly constructed map tt^Uq^). 

Figure [6] shows example of curves 7 G Cq for Q G Bru(i3);^ for ^ = 1)2,4,7 
(in this order). 

The dashed closed convex curves indicate a convenient geometric way to rec- 
ognize these Bruhat cells: in all cases there exists a closed convex curve tangent 
to both endpoints of 7 and orientations at the endpoints allow us to distinguish 
between cells. 

For 7 G £, let F =_5^ : [0, 1[ SO3 and write ^^{to;t) = F(to;t) = 
(F(to))-^r(t). Similarly, ^7(^0;^) = f(to;t) = (f(to))-^f (t) where f : [0,1] ^ 
is a lift of F. Clearly, F(0;t) = F(t), F(to;to) = f (to;to) = 1- On the other 
hand, there exists e > such that for all t G (to, to + e) we have T(to; t) G Bru(i3),2- 
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Figure 6: Representatives of the open Bruhat cells 

A locally convex arc 7|[to,ii] is convex if 'S^(tQ;t) G Bru(i3);2 for all t G (to,^i)- 
Notice that we do not require that d-yito;ti) G Bru(i3).2. Indeed, there are five 
other Bruhat cells to which d-rito^ti) may belong: Bru(i23);6, Bru(i32);o, Bru(23);2, 
Bru(i2);4 and BrUe;o = I- Examples of convex arcs corresponding to these five cells 
are given in Figure [3 We shall come back to these five cells again and again. 




Figure 7: Convex arcs 

Recall that a matrix Q G SO3 is convex if there exists a convex arc 7 : 
[to,^i] — with ^7(^0; ^1) = Q] thus, the set of convex matrices is the union of 
the six Bruhat cells above (including the open cell -P(i3);2)- Also, a quaternion 
^ G §^ is convex if there exists a convex arc 7 : [to,ti] §^ with d-yito]ti) = z; 
the six convex elements of are 

i + k -1 + i-j + k -1 + i + j + k -1 + i -1 + k 

v/2 ' 2 ' 2 ' ' V2 ' ■ 

A quaternion z is anticonvex if —z is convex. The sets of convex and anticonvex 
quaternions are unions of distinct Bruhat cells and therefore distinct; furthermore, 
the only points of intersection between their respective closures are ±1. 

7 Multiconvex curves 

A curve 7 G £2 is multiconvex of multiplicity k if there exist = to < < ■ ■ ■ < 
tk = 1 such that 

(a) ^^(ti) = I foT i < k; 
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(b) the restrictions 7|[ti_i,t,] are convex arcs for i < k. 

Notice that for i < k these restrictions are then simple closed curves (see Figure 
|3]). Let Aik C Cz be the set of multiconvex curves of multiplicity k. A curve 7 G 
Cz is multiconvex of multiplicity 1 if and only if it is convex, so that for z = —1 
we have Mi = C^i^c- By Lemma IXT| if 7 G Mk then 2(/c - l)n < tot(7) < Akn. 
It is easy to see that, for k odd, 7^ if and only if z is convex; similarly, for 
k even, A^fc 7^ if and only if —z is convex. 

Lemma 7.1 Let z Let k be a positive integer. The closed subset M.^ d Cz 

(if non-empty) is a contractible submanifold of codimension 2k — 2 with trivial 
normal bundle. 

Proof: Assume that —z is convex. Consider the geodesic p C passing through 
±ei and ±63 (where ci = (1,0,0)). After a projective transformation we may 
assume that any convex curve 7 G C^z crosses p transversally once for some 
tG (0,1). 

We first define open sets Uk C £(_i)fc2. A curve 7 G /^(-i)*^ belongs to Uk if 
and only if: 

(a) all intersections between 7 and p are transversal; 

(b) there are exactly 2k values 

= to < ^1 < ^1 < • ■ ■ < tk-i < tt-i < 1 
2 '^2 

of t G [0, 1) for which 7(t) G p; 

(c) consecutive intersections 7(tj) and 7(t _|_i) are distinct; 

(d) arcs of 7 between consecutive intersections are convex. 

Notice that Uk is indeed open and tj : Uk — )■ [0, 1] are continuous functions. We 
may continuously define the arguments 9j of the points 7(^^(7)) by 

7(t,(7)) = cos(%(7))ei + sin(^,(7))e3, ^0(7) = 0, 
and, for integer j, 

e, < e^^ < 9, + TT, > 9,+i > 9^^ - TT. 

Also, (7'(tj(7)), 62) is positive if j is an integer (and negative otherwise). For j 
an integer, we continuously define the argument rjj of 7'(tj(7)) by 

iitjil)) = r (cos(r/j(7))e2 + sm{r]j{-f))n) , 
n = - sin(6'j(7))ei + cos(%(7))e3, -7i/2 < r]j{j) < n/2, r > 0. 
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Now define Mk : Uk ^ M^''"^ by 

Mfc(7) = (^^i(7),r7i(7),...,4_i(7),r7fe_i(7)). 

The smooth map Mk is a submersion and A^fc is the inverse image of G M^^~^. 
This proves that M.k is a smooth submanifold of codimension 2k— 2 and triviahzes 
its normal bundle. 

Finally, we must prove that J^k is contractible. The fact that C-z,c = -Miiz) 
is contractible is well known (pQ and [21], Lemma 5). The subset TW^ of A^^ of 
curves for which tj = j/k is naturally identified with (A^i(— 1))*^'^^-'^^ x (Aii{z)) 
(reparametrize jlit^^tj+i] to define 7j G A^i) and therefore is also contractible. 
But A^fc C A^fc is a deformation retract: just use piecewise affine functions to 
reparametrize each curve so that tj = j/k (for all j). ■ 

The previous result allows us to use each Al^ to define an element m2k~2 ^ 
H'^^~'^{Cz) by counting intersections with Alfc. For de Rham cohomology, for 
instance, we consider Thom's form in the (trivial) normal bundle to Alfc and use 
the identification of this bundle with a tubular neighborhood of Al^ to define a 
closed {2k — 2)-form u which is a representative of m2k-2- Thus, if / : — > £^ is 
a smooth map from an oriented compact {2k — 2)-dimensional manifold K to Cz 
which is transversal to Al^ then the integral of the pull back of u over K equals 
the number of intersections of / with Aifc, counted with sign. If the map is not 
smooth or not (topologically) transversal we may perturb it so that it becomes 
both smooth and transversal: the number of intersections is still well defined. 
We denote this integer by m2k-2{f)- 

In the following lemma the sphere §^ will be the compact manifold (usually 
called K) in the domain of a map. Let s = —63, n = 63 be the south and north 
pole, respectively. The base point of is s. 

Lemma 7.2 There exist maps gg : E"^ C\, s G [0, |), such that: 

(a) gs{s) = 1^2 and gs{n) is a reparametrization 0/1^4; 

(b) if gs{p) is multiconvex then p = s or p = n; 

(c) gs is topologically transversal to M.2 at s; 

(d) zfte[l-s, 1] then {gs{p)){t) = y2{t); 

(^) if dgs{p){'t) ^ t ^ (0, 1), then either p = s, p = n or t E [1 — s, 1]; 

(f) given t G (0, 1 — s), the map p h-> 5c/s(p)(^) is topologically transversal to Cj^; 

(g) the maps gs are all homotopic to go; 

(h) the maps gs satisfy m2{gs) = ±1 and are all tight. 
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The sign ambiguity in the last item comes from the fact that we were not too 
careful to define either a standard transversal orientation to 2 or a standard 
orientation for K = Ei^, the domain of Qs- Recall that C is a subgroup 
defined before Lemma [4.21 




Figure 8: A sketch of : £1. 

Figure M gives a sketch of Qs for s = 1/4. Here the north and south poles are 
outside the figure, to the top and bottom, respectively. Meridians {9 constant) 
are vertical and parallels {a constant) are horizontal (as in most world maps). 
The curves go around the sphere between lines 1 and 2. 

The proof of the lemma will consist of an explicit construction of a map Qs- It 
should be noted that many arbitrary choices are made during the construction, 
sometimes in order to facilitate some later argument. 

Before turning to the proof of this lemma and the construction of the maps 
Qs we need a few remarks. A circle of radius p < 7r/2 is a closed convex curve: 

7(t) = cos(27rt) sin(p)t>i + sin(27rt) sin(p)t>2 + cos(p)f3, t G [0, 1], 

where vi,V2, fs is a positively oriented ortho normal basis. The image of a convex 
circle by a projective transformation is a spherical ellipse, or just ellipse. Notice 
that for us an ellipse is an oriented curve. Also, a good parametrization of an 
ellipse is a locally convex curve 7 : [to;^i] ~^ of the form 7 = vr(y4) o 7 where 
A G SL'i and 7 is a parametrization by a multiple of arc length of a circle. 

Recall that two smooth curves osculate each other at a common point if that 
point is a point of tangency of order three. Given Q G Bru(i3);2 there exists a 
unique ellipse £ and good parametrization 7 : [0, 1] — t- £^ C with 7 convex, 
7(0) = ei, 7'(0) = 62, £ osculating the circle Cj^ at ei and ^^^(l) = Q- 
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Proof: We first construct go (explicitly). Let be as in Section HJ shortly 
before Lemma [4.11 Notice that 

fa + = (^k) f ,(t); f „ + = -f -a(t). 
Define go : ^ C-^ hj 
9oip)it) = ( Ta ( —]] la(t+ — ], p = (cos 6* sin a, sin 6^ sin a, — cos a). 



Notice that g^ is well defined. We prove that go satisfies the desired properties. 

Items (a) and (d) are immediate and item (e) follows directly from Lemma 
14.21 Item (b) is a direct consequence of item (e). For items (c) and (f) we first 
notice that we are talking about isolated points. Indeed, from (b), p = s is 
the only point for which go{p) € M.2- Similarly, from (e), p = s is the only 
point for which 5^go(p)(t) G Cj^. In either case we need to study what happens 
when p goes around s, drawing a small circle. For (c), we need to prove that 
9o{p) "will go around A^2 once, or, equivalently, that M2{go{p)) will go around 
the origin once. For (f), we need to prove that i?go(p)(^) ^^^^ S° around the circle 

once. Unfortunately, go is not differentiable at s but it does admit directional 
derivatives: that is enough. We go back to the construction of and in order 
to compute directional derivatives of g^. For t G [—1/12, 1/12], we may translate 
the geometric description in Section H] as: 

Bo,{t) = exp (^^j j exp {u(a)tk) exp (w(a)j) , 

cos a \ 1 /I 

u{a) = oarccos — = , via) = — arcsm -sma 



s/ 4 — sin^ a J 2 \2 

Notice that u'{0) = 0, v'{0) = -1/4. Let 5'(t) be the derivative of B^it) with 
respect to a; we have {Bo{t))~^ B*{t) = w{t) where the auxiliary function w is 
defined by 

w{t) = ^{{2 cos(47rt) - 1) j + (-2 sin(47rt)) i) . 
It is now easy to obtain similar formulas for other intervals and to deduce that 

iBoit))-'B',it) = H'-''^\ te[to-^,to + ^],to = |, ^ 

\^—w{t — to), t e [to — i2''^0 + TiJ '^0 ~ 3 + 6' 

Thus {BQ{t))^^B*{t), as a function of t, performs three full turns around the origin 
in the plane spanned by i and j. We now have that (-Bo(t; t + |))^^i?Q(t; t + |) 
performs one full turn around the origin when t goes from to 1/3. 
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Let p = (cos ^ sin a, 80 6*80 0;, — cos a); let M2 and U2 be as in Lemma l7.ll 
For sufficiently small a, we have go{p) € t/2- From the above computations, for 
sufficiently small a, M2{go{p)) also performs a full turn around the origin when 
6 goes from to 27r, completing the proof of (c). Item (f) follows similarly from 
these computations for t = 1/2; we notice that, by continuity, the number of 
turns of dgoip)it) around must be the constant; this completes the proof of 
item (f). 

Notice now that items (a) through (f) imply that go intersects A^2 topologi- 
cally transversally and exactly once. Thus, for m2 G as above, m2{go) = ±1 

ft "2l \t ■2l 

On the other hand, g^"' can not possibly intersect A^2 and therefore m2{gQ°' ) = 
7^ m2{go). Thus go and go°''^^ are not homotopic and go is therefore tight. This 
completes the proof of item (h) and of the case s = 0. 

We now construct gs for s > 0, s small. By compactness, there exists ei > 
such that for all p G S^, the arc 5'o(p)|[-2ei,+2ei] is convex. Here we interpret go{p) 
as a 1-periodic function from R to S^. Recall that dgoip){^) = 'Sv2{^) = 1- Again 
by compactness, there exists €2 G (0, ei/4) such that, for all t G [0, €2] and for all 
p G S^, we have 

{du2{t))~^dgo{p){^l), {dgoip){-^l))~^ du^i-t) G BrU(i3);2. 

We want to define ^ : §^ — t- £1 with 



l^2{t), tG [0,62] U [1-62,1], 

(^7o(p))(t), tG[ei,l-ei]. 



As in the remark above, for each p G there exist ellipses and and good 
parametrizations 7_|_ : [e2, ei] — ?■ C and 7_ : [1 — ei, 1 — €2] — i^- C such 
that 

7+(e2) = ^^2(62), 7+(e2) = '^2(e2), ^^+{^1) = dg(p){^l), 
7_(1 - ea) = z/2(l - £2), 7^(1 -€2) = 2/2(1 -£2), ^^7. (1 - ei) = ^g(p)(l - d), 

and, furthermore, and £^ osculate the circle Cj^ at 1^2(^2) and 2^2(1 — €2), 
respectively. The ellipses and parametrizations are uniquely and continuously 
defined. Complete the definition of g by 



7+(t), tG[e2,ei], 

7-(t), t G [l-ei,l-e2]. 



Notice that since 5 points define a conic, the ellipses £± have no tangency point 
to Cy. besides z/2(±e2). 

For s < 2e2, set gs{p)(t) = {du2{^2))~^g(t — ^2)- We claim that the function gg 
has all the required properties. Item (a) is obvious. Item (d) holds by construction 
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and item (e) follows from the last observation in the previous paragraph; item (b) 
now follows. Topological transversality (items (c) and (f)) is handled as for s = 0. 
Item (g) follows either from an explicit computation or from the contractibility 
of Cz,c and item (h) now follows. This completes the proof of the theorem for 

S < 262. 



For c e M, let 




A{c) =01 c = exp 




Notice that 7r(y4(c))ei = ei, n{A{c))I = I and Tr{A{c)) takes the circle Cj^ to 
itself. Let : — )■ £i be given by gdp) = 7r(A(c)) o gezip)- Given c, each arc 
(^c(p))[i-e2,i] is a fixed parametrization of an arc of Cj^. Changing c, that arc can 
be taken to have any required length. In other words, given s G (£2? |) there 
exists a unique c G M for which dgc(p){^ ~ ^2) = 1^1/2(1 ~ s)'- define Qs by suitably 
reparametrizing this Qc- All the required properties follow by construction. ■ 

Lemma 7.3 Let k > 1 be a positive integer. Let z & with —z convex. There 
exist tight maps /i2fc-2 '. — > £^{-i)kz which: 

(a) intersect M.^ exactly once and topologically transver sally; 
(h) do not intersect M.k' for k' 7^ k; 

(c) satisfy m2k-2{h2k-2) = ±1; 

(d) are homotopic to a constant as maps §^^^^ — t- X(_i)fc2. 

Proof: Let C be the closed disk of radius 1. We first construct a func- 
tion h : (D^)(''"^) £(_i)fc2. Consider eo > such that if t G (0,eo) then 
-iduAkt))-^z is convex. Let Sq = k{l + eo) and zq = di^soil) = -S^!.i(eo)- We 
shall have {h{0)){t) = Uso{t) for t G [0, ^] and dh(p){i) = 4 for all p and for all 
integers i < k {in other words, we are starting the definition here; the expression 
"we shall have" is to be understood as: "here is yet another property of h, which 
is clearly consistent with what we demanded before"). 

Let 7fc : 1] ^ ^^e a convex arc with d^.i^^) = z^-\ ^'^.(l) = (-1)'^- 
We shall have (/i(p))(^) = 7fcW for all p G (©2)(fc-i) and t G [^,1]- Let 
si = 1 — H = and let gs^ be as in Lemma [72] so that dgs-^{p){^ "~ -^i) = ^0 for 
all p G S^. Recall that z/4 = 5'<ii(n) is a reparametrization of with u^lt) = i'2{t) 
for alH > 1 - si. Define w : ^ §2 ^y 



w{r cos 6*, r sin I 



(cos^sin(4r), sin^sin(4r), — cos(4r)), r < 7r/4, 
(0,0,1), r>7r/4. 



26 



The homotopy type of C±i — July 19, 2012 



Consider p = {pi,p2, . . . ,Pk-i) E (D^)^^-!), p, e B\ For t E |] let = 
(1 - s^)k{t-'-^)■ if \pi\ < f we shall have = U{zl^)gs,{w{pi)){ti). 

Let z/gfc be a reparametrization of usk with uskit) = i'2{t) for alH > 1 — si. Let 
g : [j, |] be a path from ^(f ) = z>4 to ^(|) = Usk satisfying ^(r)(t) = U2it) for all 
t > 1 — Si; notice that 5'g(T)(l — Si) = Zo for all r G [|, |]. For t G 1] and tj 
as above we shall have 



u{zir'rg{\p^\m, b^ie[f,|], 

l\r, 1^ I ^ 7 



completing the construction of h. 

From Lemma 17^ h{0) G Aik, h{p) G Aik implies p = and h is topologically 
transversal to A^^, with a single intersection at p = 0. Consider 

hi = /i|a((D2)(.-i)) : diiB^f-'^) ^ 

We apply Lemma [5.81 to prove that hi is loose: here K = ^((D^)'-'^^^'') (which is 
homeomorphic to S^^'^"'^)), J = k—1, tj = f — ^ and {pi,P2, ■ ■ ■ ,Pk-i) E Uj Hi ^ j 
implies \pi\ > |. There exists therefore a homotopy H : [0,1] x 9((D^)*^'^'^^)) — t- 
with /7(0,p) = h{p) and //(l,p) = 4 = 1 - 

The homotopy if may be assumed to be disjoint from Aik- In order to see this 
we give estimates on the total curvature. The total curvature of z/gfc equals IGkir, 
and the total curvature of its restriction to [0, 1 — Si] is greater than (16A; — 2)7r. 
If p G d{(B'^Y''~^^) we have at least one index j for which \pj\ = 1; for such j, 
the total curvature in the interval [^^, f] is greater than (16fc — 2)-k. The total 
curvature of h{p) is therefore greater than (16A; — 2)it. By Lemma [5.81 we may 
construct H as above with tot{H{s,p)) > {16k — 2)n > Akn (for all s G [0, 1] and 
all p G 9((D^)^'^~^))) and therefore H is disjoint from Aik, as claimed. 

Let ro*^^^"^) be the closed disk of dimension 2k — 2 and radius 1. There 
exists a homeomorphism from ©(2fe-2) ^^q^ ^ (©2)(fc-i)) y ([0, 1] x_a((D2)('=-i))). 
Compose this homeomorphism with h and H to define a map h : ©(2fc-2) _^ 
£(_i)fc2 with h{0) G A^fc; /;-(p) G A^^ implies p = 0; is topologically transversal 
to Aik, with a single intersection at p = 0; tot{h{p)) > IGkir for all p G Ei^'^^~^\ 
We furthermore have /i(p) = 7[*'=#2l for all ]? G §(^'^^'^) (for some 7). More 
precisely, let Qk = djki^k)', after a reparametrization we may assume that, for all 
p G §(2fc-3)^ (/i(p))(tfc + eir) = gfcz/2(r + |) for |r| < |, where ei G (0, ^) is a 
small positive constant. 
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The sphere §(2fc-2) homeomorphic to ^ = ({0, 1} xD(2'=-2))u([0, 1] x§(2fc-3))_ 
Let 72 : [0, 1] £i with 72(0) = z/2, 72(1) = 1^4- Define /i2fc-2 : S /^(-ijfcz by 



i2fc-2 



(%))(t), s = 0, 

(h(p))[tkm]^t), s = i, 

.Qfc72(s)(r + i), bl = 1, t = tfc + eir, r G [-i, i] 



We claim that h2k-2 is homotopic to a point in X(-_i)fc2, or, equivalently (Propo- 
sition [5i6]), that /?-2fc-2^' can be extended to a map from [0, 1] X ©(2^-2) to 
Indeed, after a reparametrization, /i[*fe#2] . p(2fc-2) _^ may be assumed 

to satisfy {U^^*^\p)){tk + eir) = Q{p)u2{r + i) for all p G ©(2fc-2)^ ^j^^^^ 
r G [-i, i] and Q : ©(2'=-2) ^ 5O3 satisfies Q{p) = Qk if \p\ = 1. Define 
/i : [0, 1] X D(2'=-2) ^ by 



/^(s,p)(t) 



\Q(p)72(s)(r + i), t = 4 + eiT, r G 



2 ) --K I 2^ )? 

-- -1- 

2' 2J' 



up to reparametrization, h is the desired extention. 

Identifying S with §2^-2^ function h2k-2 '■ 'C(-i)'=2 thus satisfies 

item (d). By construction, the only multiconvex curves in its image are z/^ = 
/i2fc-2(0,0) and /i2fc-2(l, 0), which is a reparametrization of i'k+2- Define /i2fc-2 
by perturbing h2k-2 near (1,0) so as to avoid M.k+2] by transversality, this can 
be done: the codimension of M.k+2 is larger than the dimension of S2'=-2 item 
(b) is therefore satisfied. Topological transversality in item (a) also follows by 
construction and by items (c) and (f) of Lemma [7.21 Finally, m2k-2{h2k-2) = ±1 
follows from items (a) and (b), proving item (c). ■ 

The following corollary sums up some of the topological differences between 
the spaces Cz and which we have proved in this section. 

Corollary 7.4 Consider z & with —z convex. For k > 1, the elements 
'm2k-2 £ H'^^~'^{C(^_-iYz) do not belong to the image ofi* = H*{i) : if*(X(_i)fc^) — )■ 
-ff*(£(_i)fc^). The maps /i2fc-2 : S^^"^ — )■ C^^^-i^k^ define non-zero elements in the 
kernel ofi* = ■K2k~2{i) ■ 7r2fc-2('C(_i)fc J 7r2fc_2(X(_i)fc J. 

The aim of the rest of the paper is to prove that these are, in a sense, the 
only differences. Our final lemma in this section is an easy consequence of the 
previous results and will be used later. 

Lemma 7.5 Let B be a compact manifold of dimension n + 1 with boundary 
OB = K . Let fo : B ^ Cz be a continuous map with /o|a' disjoint from all M.k- 
Then there exists a continuous map fi:B-^Cz with /o|_ft: = and fi disjoint 
from all M.k- 
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Proof: For each k, let Vk C £z be a closed tubular neighborhood of Aik- We 
may assume the sets Vk to be disjoint and fo\K to be disjoint from the sets Vk- 
We may furthermore assume the map /i2fc-2 : S^*^"^ — > Cz to be topologically 
transversal to Vk so that Dk = ^2fc-2(^fc) C S^'^"^ is a disk around the south 
pole. Since Aik is a contractible Hilbert manifold, Mk is homeomorphic to the 
Hilbert space H. Let ©^'^^^ c M^'^^^ be the closed unit ball of radius 1. Let 
i>k = {i'k,!, 4'k,2) : Vfc — )■ H X D^^"^ be a homeomorphism taking Mk to V. x {0}; 
we may assume that 4'k,i°h2k-2 is constant equal to and that (pk = ^fc,2°^2fc-2 is 
a homeomorphism between and D^'^"^. For c G M and 7 G V^, let /i(c, 7) G 14 
be such that Vfc,i(A*(c, 7)) = c^fc,i(7) and ipk,2{f^{c,'y)) = ipk,2{l)- 

Let -Dfe C -Dfc be the inverse image under 0^ of the closed disk of radius 1/2. 
Let p : -Dfc — 7- S^'^^^ be a continuous map coinciding with the identity on dDk and 
avoiding the south pole. Define 

[/o(p), /o(p)^UV^, 

flip) = I /i(2|^fc,2(/o(p))| - 1,/0(P)), /0(P) e \tPk,2{fo{p))\ > h 

[h2k-2{p{<f>k\^kMoip))))), foip) e Vk, \4^kAfo{p))\ < \- 
The map /i satisfies the required conditions. ■ 

8 Grafting 

Subintervals [to^^i] C (0,1) will be called arcs: an arc [to^^i] is graftable for a 
locally convex curve 7 if there exists a projective transformation taking 7 to 71 
and real numbers 6^0, Oi, (pQ, cpi with — 7r/2 < 0o < < 0i < 7r/2 and 

(to) = e^ok/2g0oj/2^ ^ ge,k/2g0ij/2g.i/2_ ^2) 

Recall that n(e^'^/2) 

is a rotation by ^ around the z axis: 

(cos 6 — sin 
sin^ cos^ 
1 

similarly, n(e'^j/^) is a rotation by (p around the y axis. 

Translating into a more geometric language, equation |2] says that 71 is tangent 
at ti to the circle z = — sin(0j); in both cases the orientation of 71 is consistent 
with a locally convex orientation of the circles. 

Notice that the existence of the desired projective transformation depends 
only on the value of 1^7(^0; ^i)- A matrix Q G SO2, is graftable if ^'^(toi^i) = Q 
implies that the arc \tQ,ti\ is graftable for 7. 
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Lemma 8.1 Let Q G SO^: Q is graftable if and only if Q belongs to one of the 
Bruhat cells below: 

Bru(i3);i, Bru(i3);4, Bru(i3);7, Bru(i23);3, Bru(i23);5, Bru(i32);5, Bru(i32);6, BrUe;5 • 

Proof: The definition is clearly invariant under projective transformation and 
tfierefore if Qi and Q2 belong to the same Bruhat cell then Qi is graftable if and 
only if Q2 is. 

We need therefore to check which Bruhat cells are touched by 

dyAto;ti) = e-'^oj/2g(ei-eo)k/2g0J/2g.i/2_ 

A straightforward computation (or a few figures) show that if = ^1 then 
^^^{to;ti) = e('^i-'^o)j/2e^'/2 g Bru(i3);7- We may keep fixed and change Oi 
and the Bruhat cell will cycle. If 0o + 0i < the cell will go through -P(i3);7, 
-P(i23);5, -P(i3);i ^ud P(i23);3 (and back); notice that the cells Bru(i3);7 and Bru(i3);i 
are open and correspond to intervals while the cells Bru(i23);5 and Bru(i23);3 have 
dimension 2 and correspond to transition points. If 0o + 0i > the cell will go 
through P(i3);7, -P(i32);6, -P(i3);4 and P(i32);5- In the special case 0o + 0i = the 
only transition point is Pe;5- ' 

We give a few examples which will be used again later: 

Qo,i = n(e-j/6), gi,i = n(e'^^/2g--j/i2g.i/2)^ 

Qo,7 = n(e'^J/«), Qi,7 = n(e-'^j/«e-^/2). 

We clearly have that QqIQi^i G Bru(i3);^; also, if d-yiiti) = Qi^e then 71 satisfies 
the conditions in equation [2l 

A minor difficulty is that the choices of 9o,9i,(f)Q,(f)i and of the projective 
transformation should be uniform. The following lemma addresses this issue. 

Lemma 8.2 Let i be equal to 1, 4 or 7. Let Qq, Qi G SO^ be such that 

Qo^Qi G Bru(i3);^ • 

Then there exists a unique matrix U G Upl such that Ii{Qo,eUQQ^){Qi) = Qi^i 
for z = 0, 1. 

Proof: We have n(Qo^)(Qo) = I and Ii{Q^^){Qi) = Q^^Qi G Bru(i3);£. There 
exists a unique U G Upl with II{U){Qq^Qi) = Qq\Qi/ and the result follows. 
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Given a curve 7 G £ and a graftable arc [to, ti] such that d-yito; ti) G Bru(i3);^ 
(where i equals 1, 4 or 7) we shall assume that 71 = 7i{Qo/UQq^) o 7 where 
U G Upl is as in Lemma 18.21 

Consider a curve 71 G £ and a graftable arc [to,ti] such that equation |2] is 
satisfied. Given a real number s > we show how to perform a graft on the curve 



7i around the arc [to,ti\ to obtain a curve 7} 
Let e > be a small number. Define f l^^*"'*!)*** 
and for t > ti, otherwise 



[{t0,tl)#s] 



71- 



by r 



As usual, write Fi = ^. 

= fi(t) fort < to 



lito,ti)#s 



it) 



exp 

-,7rsk 



7r(f-fo) 



Ti(2t 



exp 



+ 



ti + 2se), 



g0ij/2g7ri/2 



^0 < ^ < ^0 + se, 
to + se < t < to + 2se, 
to + 2se<t<ti- 2se, 
ti — 2se < t < ti — se, 
ti — se < t < ti. 



Equation [2] guarantees compatibility and continuity. Define (of course) 



7i 



[(io,il)#s] 



it) = UiT^I 



[(io,il)#s] 



A geometric description of this construction is in order: the curve 71 is cut at to 
and ti, the arc from to to ti is rotated by an angle of 2ns around the z axis and 
finally arcs of circle (parallel to the plane z = 0) are grafted into the resulting 
gap (see Figure[9]). Notice that f continuous as a function of s and t; 

in other words, if 71 G Cq then s is a continuous path from [0, Smax] 

to Cn. 




Figure 9: Grafting a curve 

We now define grafting on 7 provided ^^^(to; ti) G Bru(i3).£ where £ equals 1, 4 
or 7. Let U be as in Lemma [8l2] and M = Qo/UQ^^ G 5*^3 so that the projective 
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transformation 7r(M) takes 7 to 71 = 7r(M)o7 satisfying d-yiiti) = Qi^e. Next graft 
7i as above to obtain and define 7[(*o.*i)#^] = 7r(M-i) o7p«'*^)#"l. Define 

a group homomorphism A : M — )■ SL3 by A{s) = M~^Il{e'^'"^)M = exp(sa), 
a G s/3; notice that A{1) = exp(a) = /. We have 

f lit), t < to, 

^[(toA)#«](^) = <^ 7r(exp(sa))7(t), to + 2se<t<ti- 2se, 
[lit), t > t,. 

If s is a positive integer, the curves 'y\-^^o,ti)#s] (^gj-^fi^ing) and (adding 
loops, as in Section [5l just before Lemma I5.ip are very similar. The only sig- 
nificant difference is that the "loops" in the first curve are closed convex curves 
which are not quite circles. Since the space of closed convex curves with a given 
base point is contractible these loops can easily be made round. 

We write A B if the closure of A is contained in the interior of B. Notice 
that if A is open and closed then A A. 

Lemma 8.3 Let i equal 1, 4 or 7. Let K be a compact manifold and f : K ^ C 
be a continuous map. Let Ko G K be a compact subset. Assume that there exist 
continuous functions to < ti : Ko ^ (0, 1) such that, for allp G Ko, df(p)ito', ti) G 
Bru(i3);£. Let Wo ^ Ko be an open set. Then, for sufficiently small e > 0, there 
exist a homotopy H : [0,1] x K ^ C and a function A : [0,1] x K ^ SL3 with 
the following properties: 

(a) toip) + 8e < tiip) - 8e for all p G Kq; 
(h) Aip) = I for all peiK\Ko)U Wo; 

(c) HiO,p) = fip) for allpeK; 

(d) His,p) = fip) for allpeK \ Ko; 

(e) His,p)it) = fip)it) for all p E Kq and for all t ^ (to(p), ti(p)) and all 
SG [0,1]; 

(f) His,p)it) = 7iiAis,p))ifip)it)) for all p e Ko and for all t G (to(p) + 
8e,ti(p) - Be) and all s G [0, 1]; 

(g) Hil,p) = /(p)[(to(p)+4e)#2;(ti(p)-4e)#2] ^ ^ ^r^^ 

Proof: Let Wi m Kq be an open set such that Wq Wi. Let u : K ^ [0,l]he 
a smooth function with uip) = for p ^ Ko and = 1 for p G Wi. 

For s G [0, 1/2], define if by grafting fip): 

H{s,p) = /(p)[(*''(p)'*i(p))#(4''«(p))l. 
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Notice that for p e Wi we have H{l/2,p) = /(p)[(<o(p),ii(p))#2]^ p^^ ^ ^ [1/2, 1] and 
p ^ Wi we define H{s,p) = H{l/2,p). For p G W^i we use the interval to round 
up the loops introduced by grafting. The margin Wi \ Wq is needed for compat- 
ibility but for peWowe may assume that H{l,p) = /(p)[(to(p)+4e)#2;(ti(p)-4e)#2]^ 

completing our proof. ■ 

We are now ready to prove the easier cases of our main theorem; these are 
also proved in [20J using different ideas. 

Corollary 8.4 Let z E E>^ with Il{z) G Bru(i3);i U Bru(i3);4 U Bru(i3);7. Then the 
inclusion dX^ is a weak homotopy equivalence. 

Since these spaces are Hilbert manifolds, they are actually diffeomorphic ([3]). 

Proof: Let £ be such that 11(2;) G Bru(i3);£. Let be a compact manifold 
and f : K Cz he a, continuous map. For sufficiently small e > we have 
i5'/(p)(e, 1 — e) G Bru(i3);^. Apply Lemma [8l3] to / with t^ = ti = 1 — e, 
Kq = Wq = K to deduce that / is homotopic to j[*"#2;*()#2] g^^d therefore loose. 
It now follows from Proposition 15.61 that / is homotopic to a constant in if 
and only if / is homotopic to a constant in X^. Together with Lemma [5.51 this 
completes the proof. ■ 

Part of Little's Theorem is that the set jC_i,c of simple locally convex curves is 
a connected component of £_i: Fenchel proves that simple closed locally convex 
curves are convex ([8]; see also [15] and [21]); we often use this fact. The other 
part of Little's Theorem is that, once convex curves have been removed, the sets 
£+1 and are path connected. This is again a corollary of Lemma [8.31 

Corollary 8.5 The sets £+1 and C-\^n o^^e path connected. 

Proof: Consider a map from S*^ (two points) to either of these spaces (i.e., two 
curves): the map is homotopic to a constant in Xj-i. Each of the two curves 70 and 
7i may be assumed generic and therefore to have a transversal self-intersection. 
As in figure [TOl near the self-intersection there exist to and ti such that ^^^(to; ^1) £ 
Bru(i3);7 (there are other pairs for which this expression belongs to any of the other 
three open cells). ■ 




Figure 10: A transversal self-intersection 
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9 Good and bad steps 

Given a locally convex curve 7 : [to, ^i] S^, we now define the next step function 
ns^ : [to?V] — ^ [^0;^i]; or, to make it shorter when 7 is clear from the context, 
t+ = ns^(t) (the number t^ G [to,ti) will also be defined). Given t G [to,ti] let 
t~^ be the smallest t > t such that T(t;t) ^ Bru(i3),2; if no such t exists then t~^ 
is undefined. Since Bru(i3)^2 is an open set, ns^ is a continuous function (where 
defined). Also, the function ns^ is strictly increasing with continuous inverse, 
which will be denoted by t~ = ns~^(t). Unless 7 : [to,^i] — ^ is convex, ns-y is 
a strictly increasing continuous homeomorphism from [to^r] [^d^''^i]- 
other hand, ns^ is usually not differentiable (even if 7 is smooth). 

Geometrically speaking, t^ is the point at which the arc 7!^^^ j+j is still convex 
but about to somehow lose convexity. This can occur in five different ways cor- 
responding to five Bruhat cells to which r(to; t^) may belong. The two generic 
cases are when 7 is about to leave the hemisphere defined by r(to) (but not at 
the point 7(^0)) or, conversely, when the geodesic defined by T{t) passes through 
7(^0) (but not aligned with 7'(to)) so that 7 is about to enter its own convex hull: 
these correspond to P{i23);6 and -P(i32);0) in this order, and to the first two dia- 
grams in Figure [3 Notice that these matrices have two inversions and therefore 
their Bruhat cells have dimension 2. Two more exceptional cases correspond to 
the matrices -P(23);2 and -P(i2);4 which, having one inversion, correspond to Bruhat 
cells of dimension 1. The two cases correspond to the third and fourth diagram 
in Figure [2 the curve may self-intersect by coming back to 7(^0) (but with non- 
aligned tangent vectors) or it may tangentially touch the geodesic defined by Tito) 
(but not at 7(^0))- The fifth and most exceptional case corresponds to Pe;o = I, 
with Bruhat cell of dimension 0: the curve may come back to 7(^0) with tangent 
vectors also aligned (as in the fifth diagram). 

We are particularly interested in this fifth and most degenerate case. A step 
(for 7) is an interval [to,^i] with ti = . A step is bad if r(ti) = T(to) (this 
is the fifth case) and good otherwise. Notice that the set of good steps is open 
(in the space of steps). A curve 7 is multiconvex if and only if, for to = 0, the 
steps [toj^i], [^15^2], • • • are all bad (here tj = ns^(to))- Conversely, if a curve is 
complicated (i.e., not multiconvex) then, again with tj = ns^(to), there exists a 
good step [tj,tj+i] C [0, 1] 

A good arc for a locally convex curve 7 is an interval [tg, ti] C (0, 1) such that: 

(a) to<t^ <t+ < ti, 

(b) if t G [to,^r] then [t,t^] is a good step; 

(c) if tQ <ta < t^ < ti) < ti then d-yita, tb) is in one of the following Bruhat cells: 

BrU(i3);i, BrU(i3);4, BrU(i3);7, BrU(i23);3, BrU(i23);5, BrU(i32);5 or BrU(i32);6- 
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The first three matrices in item (c) correspond of course to open cells as in Figure 
[6] above; the last four are shown in Figure [TTl 




Figure 11: Good arcs 

A good pair of arcs for a locally convex curve 7 is a pair of good arcs [to, ti] C 
[io,ii] C. (0, 1) such that to < < ^1 < and if d-rito'^ti) ^ Bru(i3)^i UBru(i3)^4 
then d-y(to;ii) e Bru(i3),7. 

Lemma 9.1 Let K be a compact manifold; let f : K C be a family of locally 
convex curves. Let to,ti : K ^ (0,1) be continuous functions with ns/(p)(to(p)) = 
ti{p) such that [to{p),ti{p)] is always a good step. 

(a) There exists e > such that [to{p) —e,ti{p) +e] C (0, 1) is always a good arc. 

(b) For any e > there exist continuous functions Iq < < ii < ii : K ^ (0, 1) 
with to — e < to < to < to and ti < ti < ti < ti + e such that, for all p E K, 
[io{p),ii{p)] C [io{p),ii{p)] is a good pair of arcs for f{p). 

Proof: Consider the union of all allowed cells in the definition of a good arc for 

d-y(ta;tb) if ta <t^ < tb- 

Ai = Bru(i3);i U Bru(i3);4 U Bru(i3);7 U 

U Bru(i23);3 U Bru(i23);5 U Bru(i32);5 U Bru(i32);6 C SO3. 

Consider also the set of all allowed cells for 'S-yita, tb) if ta < tb. 

A2 = AiU Bru(i3).2 U Bru(i23);6 U Bru(i32);0 U Bru(23);2 U Bru(i2);4 C SO3. 

We claim that the sets Ai and A2 are both open. For Ai, each of the four 
2-cells included is sandwiched between two of the included 3-cells: Bru(i23);3 
between Bru(i3);i and Bru(i3);7; Bru(i23);5 between Bru(i3);i and Bru(i3);7; Bru(i32);5 
between Bru(i3);4 and Bru(i3);7; Bru(i32);6 between Bru(i3);4 and Bru(i3);7. For A2, 
since all four 3-dimensional cells are included we need only check that each of 
the two 1-dimensional cells included is surrounded by 2- and 3-dimensional cells 
which are also included: Bru(23);i is surrounded by the four 3-dimensional cells 
plus Bru(i32);o, Bru(i23);6, Bru(i23);3 and Bru(i32);6; Bru(i2);4 is surrounded by the 
four 3-dimensional cells plus Bru(i23);6, Bru(i32);o, Bru(i32);5 and Bru(i23);5. This 
completes the proof of the claim 
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By hypothesis, if to{p) < ta < h < hip) then dfip){ta;tb) G A2. Thus, using 
the compactness of K and the fact that A2 is open, for sufficiently small 62, if 
to{p) - €2 < ta < U < ti{p) + €2 then df{p){ta]tb) ^ ^2- In particular, [ta,t'^] is 
a good step. For any good step [ta,ia] ^ locally convex curve 7 there exists 
> such that if t'^ < < t'^ + Ca then d'yita] h) ^ ^i- Again by compactness, 
there exists therefore e G (0, 62) such that, for all p, if to(p) — e < < < ^6 < 
ti(p) + e then df(p)(ta]tb) e Ai, proving (a). 

For item (b), assume arcs parametrized by a constant multiple (depending on 
p only) of arc length. We claim that for sufficiently small > 0, we may take 
io{p) = to{p) -2eb, io{p) = to{p) - e^, ii{p) = ti{p) + eb, ti{p) = ti{p) + 26^: 
[io{p),ii{p)] C [to{p),ti{p)] is a good pair of arcs for f{p). 

Let B = Bru(i23);6 UBru(i32);o UBru(23);2 UBru(i2);4 C A2 C SO^, the set B 
is a topological manifold of dimension 2 homeomorphic to x (0, 1); the sub- 
sets Bru(23);2, Bru(i2);4 C B are closed with disjoint neighborhoods -B25-B4 C B, 
respectively. We may assume the closures of B2 and i?4 in B to be disjoint. 
Let s : K ^ B he defined by s{p) = 5/(p)(^o(p); ^i(p)); let U2 = s~^{B2), 
U4 = s~^{B4). Define open sets Uq (e s^^(Bru(i23);6) and Uq ^ s^^(Bru(i32);o), 
so that the sets f/j form an open cover of K. For sufficiently small e > 0, 
if to{p) — e < ta < t'^ < tb < tiip) + e and p ^ Uq (resp. p G Uq) then 
df(p){ta;tb) G Bru(i3);4 (resp. d fip){ta;'tb) G Bru(i3);i). For p G f/e U Uo, therefore, 
pairs of arcs will be good. We must focus on p G t/2 and p G f/4. 

Assume p G f/2. For small e > 0, we may assume that the arc [to{p) — 
e, ti (p) + e] has at most one self intersection. Let V2 C U2 be the open set 
of points p E U2 C K for which there exist tc,td G (to(p) — ^,h{p) + e) with 
tc < td, f{p){tc) = f{p){td) so that t+ = td and dfip){tc;td) G Bru(23);2- By 
taking e > sufficiently small, we may assume that if p G s^^(Bru(i23);6) ^ ^ and 
to(p)-e < ta < < h < ti{p) + e then ^/(p)(ta;t{,) G Bru(i3);4. Similarly, we may 
assume that if p G s~"^(Bru(i32);o) \ V2 and to{p) — e < ta < t'^ < h < ti{p) + e 
then df{p){ta;tb) G Bru(i3);i. 

If p G V2 and t > tc set h+{t) = t+; if t < tc, let i = h+{t) G (td,ti + e) be 
uniquely defined by ^f{p){t;t) G Bru(i23);3; more geometrically, draw a tangent 
geodesic to 7 at t: the curve 7 intersects the geodesic at t. The function /i+ : 
[tc — 5,tc + 5] — i- [td, td + 5] is continuous, decreasing for t <tc and increasing for 
t > tc and satisfies h^{tc) = td and h'_^{tc) = 0. Similarly, if t < let /i_(t) = t~; 
otherwise, if t > td, let i = h_(t) G (tQ~e, tc) be defined by df{p)ii; t) G Bru(i32);6; 
again, the function h_ : [t^ — 5,td + 5] — j- [tc — 5, tc] is continuous, increasing 
for t < td and decreasing for t > td and satisfies h_{td) = tc and h'_{td) = 
(see Figure [T^ . By taking e small we may assume that the functions h+ 
and are always (l/2)-Lipschitz, i.e., that \h^{ta) — h^(ta)\ < \ta — ia\/2 and 
\h4tb) - h4ib)\ < \tb-ib\/2. 
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Figure 12: The functions /i+ and h- 

U p e V2, to - e < ta < t^ < tb < ti + e and ta > h^{tb) then dy{ta;tb) e 
Bru(i3)_4. Similarly, if tb < h+{ta) then ^^{ta;tb) G Bru(i3),i. Thus, if dj{ta]tb) ^ 
Bru(i3)_i U Bru(i3)^4 then ta < h^{tb) < tc < td < h^(ta) < tb- Conversely, if 
ta < h_{tb) < tc < tfi < h^ita) < tb then d-yita'jtb) G Bru(i3)j. But the Lipschitz 
condition means that if to — e < ta — eb < ta < t'^ < tb < tb + €b < ti + e and 
d^ita] tb) i Bru(i3),i UBru(i3),4 then "^^{ta - eb] tb + e^) G Bru(i3),7. 

A similar construction holds in f/4, only the Bruhat classes change and the 
geometric construction of h± is different (see Figure [12]): to define h+{ta) we 
construct a tangent line to 7 which passes through ta- Alternatively, we apply 
Arnold duality ([2], [20]) to go from the to the U2 scenario. ■ 

10 Complicated curves 

Recall that a curve 7 G £/ is complicated if it belongs to 

k 

Lemma 10.1 Let K be a compact manifold and let f : K Cq be a continuous 
map. If the image of f is contained in yq then f is loose. 

Proof: Let Uq K he the open set of elements p & K for which [0, O"*"] is a good 
step. More generally, let Uj <^ K he the open set of elements p E K for which 
nsj.'^"'j (0) < 1 and [nsj.^p^(0), nsj,'^"'j(0)] is a good step. Since all curves f{p) are 

complicated, the sets Uj cover K. By compactness of K, there exists an integer 
J such that K = [Jj^jUj. Define compact sets Kj C Uj such that the interiors 
Uj of Kj already cover K. 
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Again by compactness, there exists ej_i > such that if p G Kj^i and 
-ns^(p)(0)| < ej_i then ns/(p)(tj_i) < 1 and ns/(p)(tj_i)] is a good 
step (for /(p)). Define the continuous function : Kj-i — )■ [0, 1] by tj„i(p) = 
ej_i/2 + ns^^~^(0) Similarly, there exists ej_2 > such that if p G Kj_2 and 
\tj_2 - nsj~^^{0)\ < ej_2 then ns/(p)(tj_2) < 1, ns/(p)(tj_2) < tj-i(p) if p G /Tj-i 
and [tj_2, ns/(p)(tj_2)] is a good step. Proceed in this manner so that we have 
continuous functions tj : Kj — (0, 1), < j < J, such that if p G Kj then 
[tj(p),ns/(p)(tj(p))] C (0, 1) is a good step for f{p) and if p G Kj^ fl Kj^, ji < j2, 
then ns/(p)(tji(p)) < tj^ip). Again by compactness, there exists e > such that 
tj{p) > e, ns/(p) < 1-e and if p G Kj^nKj^, ji < j2, then nsf(p){tj^{p))+e < tj^{p). 

Thus if p G Kj then the interior of the interval Ij = [tj{p) — e/3, ns/(p)(tj(p)) + 
e/3] contains the good step [tj(p),iasf(p)(tj{p))]. Notice furthermore that for given 
p the intervals Ij are disjoint. From Lemma WTl we can now define functions aj < 
bj < Cj < dj : K ^ (0, 1) such that, for all p E K, aj{p), bj{p), Cj{p), dj{p) G Ijip) 
and, for p G Kj, \pj{j>),Cj{p)] C [aj{p),dj{p)] is a good pair of arcs. Define 
hip) = and ij{p) = [aj{p),dj{p)]. 

The strategy now is to deform curves in each interval Ij independently. More 
precisely, define 

Uj,i = {pe Kj;df{p){bj{p);Cj{p)) G Bru(i3),i}, 
= {p G Kj;^f(^p){bj{p);Cj{p)) G Bru(i3),4}, 
Uj,7 = {pe Kj;df{p){aj{p);dj{p)) G Bru(i3),7}. 

By definition of good pair of arcs, Uj = Uj^i U f/j,4 U Ujj. Consider open sets Wj^£ 
and compact sets Kj^£ such that Wj^£ d Kj^£ d Uj^£ and such that the sets Wj^ 
cover K. 

Let /o = /; apply Lemma 18.31 (with i = 1, Kq = Kq^i, Wq = Wq^i, to = 
bo and ti = cq) to define a homotopy from /o to another function /o,i with 
/o,i(p) = /o(p)[''°*^''^''*^l for all p G PVo,i- Apply the same lemma (now with 
i = 4, Kq = Kq4^, Wq = Wo,4, to = bi and ti = ci) to define a homotopy 
from /o,i to /o,4 with fo^^{p) = foM^^"*^'"'"*^^ for all p G PVo,4; notice that 
since Kq i and -^"0,4 are disjoint the two constructions do not interfere with one 
another. Apply Lemma 18.31 yet another time (now with i = 7, Kq = Kqj, 
Wq = Woj, to = ai and ti = di) to define a homotopy from /o,4 to foj with 
foM = /o,4(p)["°#2;do#2] fo,, ^iip g notice that dfoMp)Mp)) = i?/(p)'(«o(p)) 
and 5^/0,4 (p)(c?o(p)) = '5/(p)('^o(p))- Even though the interval {ao,do) contains the 
points 60 and Cq, the loops created in the two first steps were not destroyed but 
merely pushed around by a projective transformation. We may therefore define 
a homotopy from /oj to /i such that if p G Wo,i U ^0,4 then fi{p) = ■ylbom;com] 
for some 7 G £q; if p G Wo,7 then fi{p) = ^\-"-o#'^'^do#2\ gome 7 G £q. 

Repeat the process to define a homotopy from /i to /2 and so on until fj such 
that, finally, for fj we have: 
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• if p G Wj^i U Wj^i then fj{p) = -y[f'j#2;cj#2] f^j, ^^^^ ^ ^ 

• if p G Wjj then fj{p) = 7["j#2;dj#2] ^^^^ gome 7 G £q. 

Since the sets Wj^i cover i^' we have from Lemma [5.81 that fj is loose. ■ 

We now prove that the inclusions C X^, are weak homotopy equivalences. 

Proof of Proposition II. 2t Let K he a. compact manifold of dimension n and 
let f : K ^ Iz a. continuous map. From Lemma [5.51 for sufficiently large m, / is 
homotopic to fi = o / and the image of /i is contained in C^- Furthermore, 
the total curvature of fi{p) = (i^2m ° f){p) tends to infinity when m tends to 
infinity. We may therefore choose m large enough so that tot(/i(p)) > 8{n + 1)77 
for all p & K. In particular, the image of /i is disjoint from Ai^ for all < ?2+ 1. 
For k > n + 1, the codimension of Aik equals 2k — 2 > 2n > n: by transversality, 
we may perturb /i to define a homotopic map f2 ■ K ^ Cz whose image is 
disjoint from all submanifolds Aik, so that the image of /2 is contained in In 
particular the maps = 7r„(i) : TTniyz) T^ni^z) are surjective. 

Conversely, let 5 be a compact manifold of dimension n + 1 with boundary 
K = dB. Let (7 : i? — 7- X2 be a continuous map with the image of / = g\K 
contained in 3^^. We prove that there exists a map g : B ^ yz with g\K = f ■ 
Indeed, let gi = F2m°g '■ B — >■ X^. Again from Lemma |53| for sufficiently large m 
we have that the image of gi is contained in Cz- From Lemma [10. f : K Cz 
is homotopic (in Cz) to fi = gilx- We therefore obtain a map g2 : B Cz with 
92\k = /• By Lemma [731 there exists gz '■ B ^ yz d Cz with g2,\K = /• In 
particular the maps = 7r„(?) : Tiniyz) — ^ T^n{'^z) are injective. ■ 



11 Proof of Theorems [T] and [2 
and final remarks 

We now have all the tools required to complete the proof of Theorem [2l Theorem 
[T]is then a special case. 

Proof of Theorem [2j Recall that A^^ is either empty or a contractible 
submanifold of codimension 2k — 2. As in the proof of Lemma I7.5[ for each fc, 
if M-k 7^ let Vk d Cz he a. closed tubular neighborhood of M.k with interior 
Uk C Vfc. If Mk = 0, let Uk = Vk = 0; also, for = 1 if A^^ 7^ then Mk is 
a contractible connected component and Uk = Vk = J^k- As before, assume the 
sets Vk to be disjoint. If Mk 7^ 0, let ipk = (^A:,i, V'fc,2) : -)■ H x D^^"^ be a 
homeomorphism {7i is the Hilbert space). Again, assume that Mk = iPkliW)- 
Assume furthermore that Dk = ^2fc-2(^*:) is a closed disk with smooth 

boundary. Assume also that ipk,i ° h2k-2 is constant equal to in Dk and that 
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h2k~2 is a homeomorphism from Dk to Vk = h2k-2{Dk) = i'kiii^}) <^ Let 
yz C yz and Cz C Cz be defined by 

yz = Cz\ U f/fe, 4 = :y.u |J v,. 

Since 7/ x S^'^"^ C H x (0^*^"^ \ {0}) is a deformation retract it follows that so 
is 3^2 C 3^2- It thus follows from Proposition 11.21 that ~ ~ QE>^. Similarly, 
since {Ti x S^''"^) U ({0} x D^''"^) G K x D^''"^ is a deformation retract, so is 
Cz c 

If neither z nor —2 is convex, Ai^ = for all k and = Cz and we are done. If 
z (resp. — is convex then Ai^ 7^ for A; odd (resp. even). Thus, for z convex, 
Cz is obtained from 3^^ ^ QS^ by gluing disks D° (i.e., adding a contractible 
connected component), D^, D®, . . . Similarly, for —z convex, Cz is obtained from 
yz ~ fiS^ by gluing disks D^, D^, D^°, . . . The maps h2k-2 guarantee that the 
spheres along which these disks are being glued are nuUhomotopic in 3^^ and 
therefore gluing a disk is (homotopically) equivalent to gluing a sphere: the 
theorem follows. ■ 

The question of how the spaces Cz fit together still requires some clarification. 
It should be noted that the map from C to §^ taking 7 to 5^-^(1) does not satisfy 
the homotopy lifting property (see also [H]). In particular, we would like to gain 
a better understanding of periodic solutions of a linear ODE of order 3. 

Finally, similar questions can be asked about curves in S", ri > 2 (7 is locally 
convex if det(7(t), . . . , 7'^"^(t)) > 0); in [20] we show a few results about these 
spaces. It would also be interesting to investigate the homotopy type of spaces 
of curves with bounded geodesic curvature. 
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